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Consider a homogeneous dielectric (lossy) non-magnetic compact scatterer with domain Ω ⊂ R3 that has
permittivity ε ∈ C that is ε0 in the complement region Ωc. The complement region has boundary (−∂Ω) ∪ Γ,
where Γ is a spherical surface enclosing Ω. The scattering problem is formulated via the electric Hemholtz
equation:

∇×∇×E− k2E = 0 in Ω ∪ Ωc (1)

(∇×E)× n− ikE = g on Γ, (2)

where g = iωµH0 × n − ikE0 with incident fields E0,H0. The boundary condition on Γ approximates the
Silver-Müller radiation condition:

lim
|r|→∞

(E−E0)× r + |r|η(H−H0) = 0. (3)

The solution space X consists of square-integrable functions x with square-integrable curls. The functions are
tangential on Γ. We test Eq. (1) by w ∈ X to obtain∫

Ω∪Ωc

w · ∇ ×∇×EdV −
∫

Ω∪Ωc

k2w ·EdV = 0 (4)

for all w. By the use of the Green formula∫
V

w · ∇ × v − v · ∇ ×wdV =

∫
∂V

w × n · vtdS (5)

we obtain ∫
Ω∪Ωc

∇×w · ∇ ×EdV +

∫
Γ

w × n · ∇ ×EdS −
∫

Ω∪Ωc

k2w ·EdV = 0. (6)
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Figure 1: Domains of the problem.
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Surface integrals over ∂Ω would formally arise. However, we require ∇×E to be tangentially continuous (H-field
tangentially continuous). Hence such integrals don’t appear. By substituting Eq. (2) to the boundary integral,
we obtain ∫

Ω∪Ωc

∇×w · ∇ ×EdV − ik
∫

Γ

w ·EdS −
∫

Ω∪Ωc

k2w ·EdV =

∫
Γ

w · gdS. (7)

We seek solutions in the form

E =
∑
n

αnxn (8)

where xn are curl-conforming basis functions, that are tangential to Γ, of a finite-dimensional subspace of X.
Then ∑

n

αn

(∫
Ω∪Ωc

∇×wm · ∇ × xndV − ik
∫

Γ

wm · xndS −
∫

Ω∪Ωc

k2wm · xndV
)

=

∫
Γ

wm · gdS. (9)

for test functions wm.
The extinction cross-section is

σe = −1

2
<
∫

Γ

(E0 ×H∗s + Es ×H∗0) · ndS (10)

=
1

2
<
∫

Γ

(
1

iωµ
E0 ×∇×E∗ + E×H∗0

)
· ndS. (11)
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